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Abstract: We report the anaysis, design, fabrication and experimental
characterization of novel subwavelength computer-generated holograms that produce
uniform symmetric spot array. We distinguish between a polarization-sensitive and
polarization-insensitive far-field reconstruction and show that a linearly polarized
incident illumination is required in the former case in order to generate a symmetric
reconstruction. The polarization-insensitive case generates a symmetric response
independent of the illumination polarization. We show that this response is
equivalent to that of a scalar-based computer-generated hologram but with an
additional, independent, term that describes the undiffracted zeroth order. These
findings simplify the design and optimization of form birefringent computer-
generated holograms (F-BCGH) significantly. We present experimental results that
verify our analysis and highlight the advantage of these novel elements over scalar-
designed elements.
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1. Introduction

Subwavelength form-birefringent structures can be engineered to artificialy create unique
anisotropic [1, 2] and dispersive [3-5] properties. The subwavelength grating lines can be
distributed within the device aperture both continuously, realizing polarization transformers
[6, 7] and polarization beam splitters [8], and discretely using cell-encoded approach,
realizing polarization selective elements[9], blazed gratings [10, 11], lenses[12], polarization
analyzers [13, 14] as well as array generators [15-17]. In general, these devices utilize
optimization of the two independent degrees of freedom, i.e., the orientation of the form-
birefringent grating and the amount of birefringence, to control the complex amplitude of the
two orthogonally polarized optical field components. In this manuscript we discuss a specific
class of form-birefringent computer-generated holograms (F-BCGH) producing symmetric
far-field intensity reconstruction for linearly polarized incident fields. Generally, an overall
symmetric intensity pattern in the far-field is obtained by the superposition of intensities
generated by the two orthogonal circular polarization states, where these intensities are either
symmetric or asymmetric. With several simplifying assumptions, we show that for the
superposition of symmetric intensity patterns, the overall far-field intensity distribution is
polarization insensitive and equivalent to that of the scalar computer-generated hologram
(besides the additional freedom to control the zero order independently), whereas for the case
of superposition of asymmetric intensity patterns, a linear incident polarization is required in
order to produce the desired symmetric overal intensity distribution. We also provide design
method that allows limiting the search region of the phase retardation. Our findings are
supported by design, fabrication and experimental characterization of a novel F-BCGH
elements realizing spot array generation.

The manuscript is organized as follows, we begin with a genera theoretical analysis
(section 2). Section 3 presents simplified equations for the case of a symmetric array
illuminated with linearly polarized light and discusses the relation between phase retardation
and central spot intensity. The experimental validation of two design examples (1 by 3 and 1
by 5 array generator elements) is discussed in section 4 followed by conclusionsin Section 5.

2. Theoretical analysis

The operation of F-BCGH element is best explained by effective index concept [18] for a
grating with a period smaller than the wavelength of optical field in the material. Such
structure does not support propagating diffraction orders (besides the zero-th order), but due
to difference in polarizability, its overall dielectric properties are similar to these of a negative
uniaxial crystal [19]. The effective dielectric constant obtained for TE polarized field (electric
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field perpendicular to the subwavelength grating k-vector) is larger than that obtained for TM
polarized field (magnetic field perpendicular to the subwavelength grating k-vector),
introducing phase retardation between these two polarization components of the incident
optical fields. For example, if the depth of the periodic structure is designed to introduce a 77
phase shift between the TE and TM components, the device will act as a half-wave retardation
plate. Anincident linearly polarized field will experience rotation of its polarization by twice
the angle between the k-vector of the form birefringent structure and the direction of the
incident linearly polarized field. By controlling the orientation of the form birefringent
structure, we can engineer the amount of rotation in a space-variant manner. The phase
retardation is determined by the duty cycle and the etching depth of the subwavelength
grating. The F-BCGH approach utilizes a 1-D or 2-D array of cells (see Fig. 1) each
containing a subwavelength grating with desired orientation and birefringence.
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Fig. 1. Schematic diagram of diffractive optical element using subwavelength grating based
phase modulation: subwavelngth grating with a period A is introduced into each cell with
oriantation of the grating 6(x,y).

Next, we analyze the properties of an optical field transmitted through an F-BCGH
element made of simple binary profile with a constant duty cycle. Fabrication of such a
device will not require complicated calibration and alignment steps. For our analysis we
ignore Fresnel reflections from the substrate-air interface since our fabricated devices are
usually coated with an anti-reflection (AR) layer on the flat surface. We aso assume cell
size to be larger then the wavelength of optical fields to alow validity of thin element
approximation [20].

Consider a circularly polarized incident plane wave transmitted through the F-BCGH
element located at z=0, with X, y being the transverse coordinates. The transmitted optical

field isgiven by:

E, (% v,2=0")=R(x y) " GR(x y)V, W
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cos[6(xy)] sn[6(xy)]

where  R(xy)= [_Sm[g()(, y)] cos[o(xy)]

} is the rotaion matrix and

5 exp(-ig/2)
- 0 exp(ig/2)
by the subwavelength grating in each cell (with respect to the rotated coordinate system). ¢

is the phase retardation of the grating (its value depends on the etching depth, the grating
profile, and the refractive index of the subgtrate) and is assumed to be space invariant under
the assumption of constant etch depth and constant duty cycle made above. In general,

however, the phase retardation (and therefore 5) can be space variant. 8(x,y) is the local
rotation angle of the subwavelength grating in each cell. For incident right- and left-hand

} is the Jones matrix representing the birefringence generated

_ 1
circularly polarized light described by the corresponding Jones vectors, VinR:L}and

_ 1
V. = { j} we use Eg. (1) and obtain the transmitted field given by,

Er(xy.2=0")= cos(¢/2){ﬂ— jsin(¢/2)exp[+j20(x, y)][_lll (2a)
and
En(xy,2=0")= cos(¢/2){_1j}— jsin(¢/2)exp[ -j26/(x, y)]{ﬂ (2b)

respectively. Similar result can be found also in Ref [8].
For various applications including spot array generation, far-field intensity distribution is
of main concern. In the far-field one obtains,

Ex (XY =TI Emr (X, Y)exp[ —j 27 (xx'+ yy') |dxdy =
cos(¢/2)6, (X', y‘)[ﬂ— jsin(¢/2)TIexp[j2«9(x, y) Jexp[ —j2z (xx'+ yy')]dxdy{_lj}
(33)

and

£, 0x,)= ] JE (xyel-izn(xce ) oy -cos(or2)8, ()] |-

jn(012) ] [ 20 (x)Jeo[- 25 (¢ yy ey = cos(or2)a (x| | 0

. = _ . 1
iy sn(¢/2){j [exp[i26(x.y)Jexp[-j2r (x(-x') + y(—y'))]dxdy} L}
where ~ and * denote Fourier transform and complex conjugate operations respectively, X', y’
are the normalized transverse spatial coordinates in the far-field (the constant Az factor was
ignored) and &, (X', y')isthedirac deltafunction.
By comparing Eq. (3a) and (3b) it is evident that
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|Ex (x| =|EL (—x'=y") @

This mirror-symmetry property is of major importance, and will be used to analyzed the F-
BCGH performances.

It is useful to distinguish between two cases when (A) |I§R’L (x',y')| are asymmetric,
i.e.|ER‘L(x',y‘)|¢|ERYL(—x',—y‘)| and when (B) |ER'L(X',y')| is  symmetric, i.e

|ER,L (le y‘)| =|ER,L (—X',—Y')| .
A. Asymmetric field:
In general, the incident field is elliptically polarized,

_ :{COS(z)exp(—iNZ)} |

" sin(y)exp(+j512) ©)

where tan(y) denotes the magnitude ratio between the two Cartesian components of the

eectric field, and 6 is the phase difference between these two components. Elliptic
polarization state can be described as a linear superposition of the two orthogonal circular

polarization states,
_ 1 1
e o}
J -
where ¢, f arethe weighting coefficients given by:
2a0=cos(y—612)—jsin(y+612), 2f=cos(y+6/2)+jsin(y-5/2) (7)

and satisfying |of* +| 8" =1. The overall far-field intensity distribution is obtained by a

weighted summation of intensities corresponding to the two orthogonally polarized fields,
yielding

() =l (B (. y )+ 11 B (O y )] =laf [Ex (x v +187 [Ex (=x =y . @)
where we used Eq. (4). It is evident that an overal symmetric intensity distribution is

achieved only with |0:|2 =| ,B|2 . The corresponding values of y, & derived from Eq. (7) need
to satisfy

cos’ (y—612)—cos’ (y+612)=0, ©)
yielding
y=nzl/2or §=mr (20

where n, mare integers. Notice that the last equation is a definition of a linearly polarized
light. Therefore, for the case where the far-field intensity pattern produced by each of the
circular polarization components is a-symmetric, achieving an overall symmetric far-field
intensity pattern will be possible only with linearly polarized incident optical field. This result
can be understood intuitively by observing the Poincare sphere: each coordinate that is having
the same distance from the north and the south pole (corresponding to right and left circular
polarization) must be located on the equator plane (which corresponds to the linear
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polarization states). Since the overal far-field intensity pattern depends on the incident
polarization, we refer to this case as “polarization sensitive beam shaping”.

B. Symmetric fidd: When |I§RYL(X',y')| is symmetric, the far-field intensity

patterns produced by both of the two circularly polarized terms are identical
yielding

2

10y ) = By =B (x=y ) = By =1 () (1)

Since an arbitrary incident polarization state can be decomposed onto circular orthogonal

basis, the obtained overall far-field intensity pattern is polarization insensitive. We now show

that for such case the F-BCGH is equivalent to scalar computer-generated hologram (CGH).
Generdly, the field distribution behind a scalar phase only CGH is given by

E.(xy,z=0")=exp[ j®(xY)] , (12)

with 26(x, y) = ®(x, y) and neglecting the first constant cosine termin Eq. (2) (contributing
only to the zero order) leading to

Er(xy.2=0")=E,(xy,2=0") , (13a)
and to the corresponding far-field
Er(X\y)=Es(x,y), (13b)

The overal intensity distribution is now
| (xvy") =lof [y 8P B Oy ) =B ey =[Es ey =16, (1)
2

where scalar field intensity was defined, | = |ES (X', y)|

Equation (14) shows that when |ER (x', y')| is symmetric our F-BCGH will be equivalent

to ascalar element. Nevertheless, even in such a case there is an advantage using the F-BCGH
if the central spot is also desired (asin the case of 2N+1 desired spots). This is because of the
additional cosine term (see Eq. (2)). The significance of this term will be discussed in the
next section. Additional advantage is purely technological — since continuous phase
modulation is obtained by the rotation of the binary subwavelength grating lines, there is no
longer need for complicated, multi-level fabrication processes.

In summary, when the far-field intensity pattern produced by each of the circularly-
polarized components is asymmetric, will be the only possibility to achieve overall
symmetric far-field intensity pattern can be achieved only with linearly polarized incident
beam, and the intensity pattern is polarization sensitive. On the other hand, when the intensity
pattern produced by each of the circularly polarized components is symmetric, the overall far-
field intensity pattern is aways symmetric and polarization insensitive, similarly to the scalar
case. The practical significance of these conclusions implies that when symmetric intensity
pattern is desired there is no longer need to search for an input polarization state during the
optimization process — linearly polarized light can aways be chosen, significantly reducing
computational effort and complexity.

The advantage of our subwavelength CGH over the scalar CGH can be well understood
using the example of a desired symmetric array having 2N spots along the x’- axis. This can
be achieved with
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|ER|2=ai§d(x'—nAx‘)+bi§d(x'+ NAX'), (15)
n=1 n=1

where for simplicity we assume that the far-field distribution is described by a superposition
of deltafunctions. a and b can be chosen arbitrarily. Using Eq. (4),

N N
|I§L|2 =bY &, (X'-nAX")+a) 5, (X'+nAX’) (16)
n=1 n=1
and the overall symmetric intensity pattern (assuming a linearly polarized incident field) is
given by

N N
| =|E[ +E[ =(a+ b){Zé‘(x'—Ax')+25(X'+Ax‘)} (17)

1 1
As shown, the ratio b/a can be arbitrarily chosen such that the far-field intensity pattern
can be optimized with respect to a pre-defined figure of merit. Clearly, this is an important
advantage compared with the standard scalar design, which is equivalent to the b=a case.
This example can be easily extended to non-uniform spot array by letting the coefficients a,b

be inside the summation.

3. Design of symmetric array generators

Next we consider the example of a symmetric spot array generation application, and
following the above discussion we use linearly polarized incident beam. For reference, we
choose the incident polarization to be paralel to the y-axis. Notice that rotating the
polarization angle will not change the far-field intensity pattern since it will only add a
constant phase term to each of the decomposition coefficients ¢, £ in Eq. (6).

Linearly polarized incident field along the y-axis corresponds to superposition in Eq. (6)
with a=i_, ﬂ:-i_ , simplifying Eq. (2),
2] 2

E; (x,y,z=0")=—jsin(¢/2)sin[20(x, y) |x—{cos(4/2)+ jsin(¢/2)cos[ 26 (x, y) [} § (18)

The obtained transmitted field is a vector described by two orthogonal Cartesian components.
The overall far-field intensity pattern is given by an incoherent summation of their Fourier
transform, i.e.,

~ ‘2

E (x\y")

‘ 2

+|E, (X y") =cos’(¢/2)8, (X", y")+sin’ (p/2)x

[(x,y')=

XH]: J'sin[ze(x, y) Jexp( j2r (xx'+ yy'))dxdy} +{J' j'cos[ze(x, y) Jexp(j 2 (xx'+ yy'))dxdy} } (19)

where E (x',y')and E,(x',y") are the Fourier transform components of E, (x,y)X and

E; (x,y)y respectively.
Using Eg. (19) one can now calculates the intensity at the far-field origin (the zeroth
diffraction order term),

| (x'=0,y'=0)=cos’ (¢/2)+sn’ (¢/2)HT _[sin[za(x, y)]dxdy}2 +{T Icos[ZH(x, y)]}z} (20)
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The last equation demonstrates an additional advantage of the F-BCGH device: by
modifying the phase retardation ¢, the intensity of the central spot can be independently

controlled, without modifying the relative intensity distribution of the other spots. Obviously,
the absolute intensity values will be changed to maintain conservation of energy, as
demonstrated by the sine term. Thisis not always the case for ascalar CGH.

Following Eq. (20), the designed phase retardation needs to satisfy:

cos’ (¢/2)<1(0,0) (21)

For an example application where the central spot needs to be diminished (as in the case of
symmetric array with even number of spots), the phase retardation obeys ¢ = (2n + 1)z where

nisan integer. To relax the fabrication requirements we usually choose n=0. For the typical
application where 2N+1 equal intensity spots are desired, the phase retardation is limited by

1
. =200S"| ——— 22
o =2005" (L) 2
As N increases, ¢,,,tends towards the asymptotic value of 7 . By using Eq. (22) the search
region for the phase retardation, ¢ is restricted, significantly reducing the computational
effort during the optimization process.

4. Experimental validation of the spot array generation
For experimental validation of our novel design methodology we chose to investigate 1 by 3

and 1 by 5 array generators. To optimize the rotation angle 8(x',y') aong the F-BCGH

element we used a dightly modified version of the simulated annealing optimization
procedure [21]. This optimization engine is computation intensive but in comparisong to
iterative-Fourier-transform-algorithm (IFTA) [22], provides more freedom in choosing the
cost function. Detailed comparison between the two algorithms is beyond the scope of this

paper.
For the optimization we set an initial value for ¢ (see Eq. (22)), an initial pixilated

random profile of #(x,y) and an initial temperature T . As an error metric, we used

e= Z Z |77|desired(xl!yl)_|obtajned(X'!yl)| (23)

X',y'eROI

where ROI denotes region of interest, 7 is the desired diffraction efficiency, and
| pminea (X5 Y') is calculated using Eq. (19). An initial error value was calculated using Eq.
(23). Next we modified the rotation angle 6(x,y) for a specific cell and observed the
evolution of the error. The new value of 6(x,y) was accepted only if
E = exp[— (8, —€4)/T |> P, where P is arandom number (0<P<1). e,, and g, are

the error values before and after applying the modification, respectively. In a case where the
maodification was accepted, the old error value was replaced by the new one. We repeated the
described procedure for al the cells 50 times. This was defined as a single iteration. Next, we
reduced the temperature (from trail and error experience we have chosen

T=T, /[3In(1+ it)] as atypical cooling rate, where it denotes the number of iterations) and a

new iteration was carried. Once stabilization occurred (i.e., less than 5 modifications are
accepted within a single iteration), the optimization process was completed.
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Typicaly, there is a general trade off between the diffraction efficiency and the
uniformity of the obtained reconstruction, such that 100% efficiency with perfect uniformity
is not always possible to achieve. For our validation examples we set the uniformity threshold
to 0.997 (the uniformity is defined as the ratio between the minimal and the maximal intensity
within the array), thereby allowing an intensity variation of about 0.3%. First we set the
efficiency value 1 to 1 and observed the uniformity (which was typically smaller than the

threshold value). We then gradually decreased the efficiency parameter to a value that
allowed to achieve our stringent uniformity requirement.

Our first example on 1 by 3 array generation with three equal intensity spots uses the
subwavelength F-BCGH device parameters that can be calculated analytically [15], yielding
100% diffraction efficiency and perfect uniformity for an element with linear phase function
for each of the circular polarization components, obtained by setting 6(x)=zx/d, whered

determines the deflection angle of the diffracted field. With alinear incident polarization, we
will reconstruct 2 symmetric off axis spots in the far-field .By choosing ¢ =0.6087 (using

Eq. (22)), a zeroths diffraction order term with equal intensity will also appear, producing a
total of 3 spots. For comparison, we tested our optimization procedure and obtained the same
design parameters. Notice that for scalar computer-generated hologram the predicted
diffraction efficiency calculated using IFTA is 92.5% (although the upper bound for
diffraction efficiency is dlightly higher [23]).

For the additional example of 1 by 5 array generation there is no known analytic solution.
Using our optimization scheme an efficiency prediction of 96.5% with the corresponding
phase retardation value of 0.74r7 was obtained. In comparison, for a scalar computer-
generated hologram the predicted diffraction efficiency calculated using IFTA is 91.9%.

For redlization of 1 by 3 and 1 by 5 aray generators we employed standard
microfabrication procedure by generating lithographic e-beam mask followed by
photolithography and chemically assisted ion beam etching (CAIBE) to transfer the structure
into a GaAs substrate. First, we prepared the grating structure in aformat of a GDS| file that
was used for the fabrication of the e-beam mask. The orientation of the grating lines matched

the 6(x, y) data obtained from the design procedure. To ensure that the desired structure is

indeed equivalent to a uniaxia crystal, the subwavelength-grating period, A was chosen to
meet our effective medium assumptionsA < A/n, where A is the optical wavelength and n
is the refractive index of the substrate. To ease on the fabrication procedures we chose to test
our approach for applications a a longer wavelength of CO, laser operating at 4 =10.6 um.

Since we used a GaAs substrate with refractive index of 3.13 a&¢ 1=10.6 um, the grating
period need to be smaller than 3.38 um. To reduce dispersion effects [5] we used a period
of A=25um. To avoid overlapping between the neighboring spots, the structure was

replicated 4 times along the x-axis. The element was designed to have 32 cells per period,
resulting in a total number of 128 cells. We set the cell size to 100 um, leading to a total

aperture of 12.8 mm along the x-axis and a period of d=320 um. To generate a rectangular
element, the aperture along the y- axis was a so set to 12.8 mm.

Once the e-beam mask was fabricated, the pattern was transferred into the photoresist
(BPRS100) by high-resolution photolithography using Karl Suss MJB3 contact mask aligner.
CAIBE process was used to transfer the pattern into the GaAs substrate that was AR coated
on its backside to avoid multiple reflections.

To estimate the etching depth required to achieve the desired value of retardation ¢, we
employed rigorous coupled wave analysis (RCWA) [24]. For a duty cycle of 50%, the required
depths are 3.2 and 4.2 micron for achieving retardation of 0.608r and 0.74rw respectively. The

above calculations assume a rectangular groove profile, leading to undesired Fresnel reflection
at the grating-air boundary. To minimize these reflection effects, we tuned our fabrication
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process to achieve dlightly trapezoidal shape [1]. The etching depth was increased by ~10% to
maintain the desired retardation. Figure 2 shows a scanning electron microscope (SEM) image
of the fabricated device, having a close match to the fabricated profile.

Fig. 2. Typical SEM cross section of the fabricated F-BCGH 1X3 element

Characterization of the fabricated devices was performed using a linearly polarized beam
derived from a single mode CO, laser source (Synrad 48-1). The FBCGH element was
illuminated with a converging beam producing a Fourier transform plane a a distance
z=80cm from the element. The separation distance between the neighboring reconstructed
spots is L= Az/d=2.65mm. The Fourier transform plane was then imaged onto a CCD
camera (Indigo Omega) with a demagnification ratio of ~1:5. Fig. 3 shows the images obtained
by illuminating the 1 by 3 and the 1 by 5 spot array generator F-BCGH elements, respectively.
Corresponding intensity profiles along the horizontal cross sections of Figs. 3 are shown in Fig.
4.

Fig. 3. Experimentally obtained image of the Fourier transform of the F-BCGH element
illuminated by alinearly polarized beam.

The horizontal cross section was obtained by subtracting the camera background noise and
integrating the data in Fig. 3 aong the y- coordinate. Good uniformity (better than 85%) was
achieved for both cases. In particular, it should be noted that the central peak (the zeroth
diffraction order term) is comparable to the other diffraction orders. Controlling of the centra
peak is very challenging due to high sensitivity to fabrication inaccuracies. The dlight
nonuniformity can be explained by small non-uniformity of the photoresist thickness aong the
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aperture of the F-BCGH. The diffraction efficiency is aso high, as evident by the lack of higher
diffraction orders. It should be noted, that precise measurement of the diffraction efficiency was
not possible due to the thermal background noise in the CCD camera.
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Fig. 4. Cross-section of Fig 3. The cross section was calculated by integrating Fig. 3 along the
vertical axis.

5. Conclusions

We used form birefringent computer-generated holograms (F-BCGH) to design, analyze and
experimentally demonstrate uniform symmetric spot arrays. These elements are implemented
by the fabrication of sub-wavelength binary gratings using standard microfabrication
techniques. We made a distinction between polarization sensitive and polarization insensitive
far-field intensity reconstruction, showing that in the former case performances exceeding the
scalar theory prediction can be obtained and that alinear incident polarization state is required
in order to achieve an overal symmetric far-field intensity pattern. In the polarization
insensitive case the generated far-field intensity pattern was shown to be equivalent to that
produced by a scalar diffractive optical element. Nevertheless, the latter case ill offer an
advantage compare with scalar diffractive elements by alowing independent control of the
zeroth diffraction order term. These findings simplify the design and the optimization of the
F-BCGH elements significantly. Numeric simulations and experimental results are provided
to support the presented analysis.
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