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Abstract: We propose and experimentally demonstrate the generation of
hybridly polarized beams by transmitting radially polarized light through a
wave plate. We show that such beams span a closed circle on the surface of
the Poincaré sphere whose center coincides with the center of the sphere. In
addition we numerically investigate the field and energy density distribution
across the focal plane of a high NA lens illuminated by such a hybrid beam.
The results show an interesting polarization distribution with 3D orientation
and space variant ellipticity. This kind of polarization distributions may be
used for a variety of applications, e.g. particle orientation analysis,
microscopy and in atomic systems.
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1. Introduction

Unconventional polarization states, also known as “vector beams”, are gaining increasing
interest in recent years [1-9]. In contrast to conventional polarization states, such as linear,
circular or elliptical polarizations, which can be uniquely described by a specific point on the
surface of the Poincaré sphere [10], the vector beams, have a spatial inhomogeneous
polarization state, and therefore cannot be described by a point, but rather by a number of
points on the Poincaré sphere. The radial and azimuthal polarizations, for example, span the
equator of the Poincaré sphere. Recently the generation of vector fields with hybrid state of
polarization was demonstrated [11,12]. These spatially inhomogeneous beams, coined hybrid
beams (HBs), are composed of spatially separated linear, circular and elliptical polarizations
and can span complete meridians on the surface of the Poincaré sphere. The propagation of
such beams in a uniaxial crystal and the generation of supercontinuum optical vortex using
such beams were studied and demonstrated [13,14]. In addition, Beckley et al. [15]
demonstrated the generation of full Poincaré beams that span the entire surface of the
Poincaré sphere in a single beam. These beams may be important in particle orientation
analysis applications, microscopy and in atomic systems where different polarizations satisfy
different selection rules. In this paper, we discuss and demonstrate two methods for generating
hybrid beams by means of radially polarized light and a wave plate. By changing either the
orientation of the wave plate, or its phase retardation, a full coverage of the Poincaré sphere
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can be achieved. Furthermore, we analyze the focal plane field and energy density distribution
of these HBs when focused by a high numerical aperture (NA) lens and we discuss their
possible applications.

2. Theoretical background

In the Poincaré sphere representation, the Stokes parameters s;, s,, S3 are regarded as the
Cartesian coordinates of a point P on the sphere with radius s, (representing constant
intensity). The spherical angular coordinates of the sphere are 2y and 2y so that each point on
the sphere corresponds to a unique state of polarization of a plane monochromatic wave (see
Fig. 1(a)) [10]. The HB, as we shall refer to in this paper, spans a closed circle on the surface
of the Poincaré sphere whose center coincides with the center of the sphere. Therefore, in the
context of this paper, the radial polarization can be thought of as a specific case of the HB.

Next we discuss two methods for generating HB using a radially polarized light and a
wave plate. In the first method, we start with the generation of radially polarized light, which
can be achieved using variety of approaches [16-21]. Specifically for our experiment we do
so using either a subwavelength grating element [22] or a liquid crystal element [23]. Next,
the radially polarized light is transmitted through a quarter wave plate (QWP), where its
orientation (defined by its major axis) can be rotated with regard to the x axis. The QWP
changes the state of polarization in such a way that its projection on the Poincaré sphere no
longer spans the equator of the sphere. Instead, it spans a complete meridian crossing the two
poles of the sphere. The latitude angle 2y of the spanned meridian is determined by the angle
of the QWP, so continuously rotating the QWP by n/2 radians with regard to its starting
position scans the complete surface of the Poincaré sphere. Figure 1(b) shows an example of
the polarization field obtained by transmitting a radially polarized light through a QWP
oriented in 45 degrees with respect to the x axis. Figure 1(c) shows the projections on the
Poincaré sphere of such HBs with different orientations of the QWP. Rotating the QWP,
results in rotation of the projected circle on the sphere around the axis connecting the north
and the south poles of the sphere.

Similarly to the first approach, the second method is also based on transmitting a radially
polarized light through a wave plate. However, the wave plate orientation is now fixed, and its
phase retardation can be modulated, e.g. by using a liquid crystal cell. In this case the
projection of the polarization field on the Poincaré sphere is a closed circle having the same
center as the sphere, which crosses the equator at two opposite points. Changing the phase
retardation of the plate, results in rotation of the projected circle on the sphere around the axis
connecting the two opposite points on the equator. Therefore, changing the retardation of the
plate from 0 to = radians scans the complete surface of the Poincaré sphere. Figure 1(d) shows
the projections on the Poincaré sphere of such HBs with different phase retardation of the
phase plate. The orientation of the rotation axis on the plane of the equator is determined by
the orientation of the wave plate.

Next we cast this discussion in a mathematical form. The general Jones vector for the
electric field of a radial polarization transmitted through a wave plate is given by

E=T,V, 1)
4 T r
e 2cos’(y)+e 2sin’(y) —isin(=)sin(2y)
Where, T,, = C T 2 T is the Jones matrix of
—isin(z)sin(2y) e 2sin?(y) +e 2 cos(y)

a wave plate with retardation ' oriented at an angle y with respect to the x axis, and
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cos(@
v, =[5©)
sin(4)
angle in polar coordinate system.

J is the Jones vector of the radially polarized light, where @ is the azimuthal

Fig. 1. (a) Standard Poincaré sphere representation of a polarization state. The radially
polarized field spans the equator of the sphere (b) polarization distribution obtained by
transmitting a radially polarized light through a QWP oriented at 45 degrees with respect to the
x axis. Blue — right handed polarization, red— left handed polarization, green — linear
polarization. (c) HBs projections on the Poincaré sphere, where each circle corresponds to a
different orientation of the QWP used to generate these beams. (d) HBs projections on the
Poincaré sphere, where each circle corresponds to a different phase retardation of the wave
plate used to generate these beams.

Using these expressions we obtain

cos(6) cos(E) —i sin(£) cos(2y —6)
E- 2 2 @)
sin(0) cos(%) - sin(g) sin(2y — 0)

This is a general expression from which the Stokes parameters can be calculated. When
projected on the Poincaré sphere this electric field spans a closed circle whose center
coincides with the center of the sphere. For example, setting T'=7/2 and y =0 represents a
case of a radially polarized beam transmitted through a QWP oriented along the x axis. The
Stokes parameters in this case are S, =1,S, =c0s(26),S, =0,S; =sin(260) and its projection
on the Poincaré sphere spans a closed circle in the plane defined by the S; and S; vectors.
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3. Experimental results

In order to demonstrate the generation and characterization of such HBs we used the first
proposed method. First we used a liquid crystal polarization converter (Arcoptix, Switzerland)
to convert the linearly polarized beam emerging from a1064 nm Nd:YAG laser into a radially
polarized beam. The emerging radially polarized light illuminates a rotatable QWP followed
by a rotatable linear polarizer, and is then imaged onto a charge coupled device (CCD)
camera. Figures 2 (a) and (b) show a schematic representation of the polarization distributions
that would be obtained with the QWP oriented at 45 and 0 degrees with respect to the x axis,
respectively. Figures 2 (c) and (d) show the intensity distribution of these two HBs, after
being transmitted through the analyzer whose orientation is indicated by the arrows. The
obtained intensity is given by multiplying the field (Eq. (2) by the Jones matrix of an analyzer,
oriented at an angle ¢ with respect to the x axis.

| = cos? (g) cos? (4 6) +sin2(g) cos? (¢— 2y + 0) @)

As can be seen, the obtained intensity pattern varies from a constant intensity with zero
contrast along the azimuthal direction, to a high contrast pattern along that same direction.
The orientation of the bright and dark zones is determined by the angles of the QWP and the
analyzer. The period of this orientation rotation is 7/2.

Fig. 2. (a) and (b) schematics of polarization distributions that would be obtained by a radially
polarized field transmitted through a QWP oriented at 45 and O degrees, respectively. (c) and
(d) pictures of the experimentally generated fields of (a) and (b) respectively, being transmitted
through an analyzer. The arrows show the orientation of the analyzer.

4. Tight focusing numerical analysis

One aspect of the vectorial beams that was extensively studied in recent years is their field
distribution near the focus of a high NA lens and focal field design by polarization distribution
manipulation [24-32]. Here we use the method of Richards and Wolf [33], (originally
developed for linear polarization) to study the energy density and the field distribution of the
HB in a wavelength scale volume near the focus. Calculating the distribution of energy
density at the focal plane for circular polarization illumination is performed by decomposing
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the circular polarization into two orthogonal linear polarizations with equal amplitudes and a
m/2 phase difference between them. Thus, one has to sum the focal field due to an incident x
polarization together with the focal field due to an incident y polarization with a n/2 phase
difference. Similarly, an elliptically polarized light can be decomposed into two orthogonal
linear polarizations with different amplitudes and with the specific phase difference between
them. Following a procedure similar to that of a circular polarization, the distribution of
energy density in the focal plane is given by adding the contributions from the two orthogonal
polarization states with the specific phase difference. Further details regarding adding the
contributions of the orthogonal polarizations are given in [34]. Following that procedure, we
decomposed the field of the HB at every pixel to its x and y components and obtained x and y
polarized fields with spatially varying amplitudes and phases. We calculated the focal plane
field components due to these two fields and then sum up the fields to obtain the total energy
density distribution. As an example, Fig. 3(a) shows the energy density distribution at the
focal plane of a NA = 0.94 lens illuminated with the HB shown in Fig. 2(a). The beam
propagates along the z direction. By a careful choice of the NA, a rectangular flattop shape is
obtained at the focus. As can be seen, all the three field components have non-negligible
amplitude at the focal plane. In addition, the relative phases between these three components
vary in space as a consequence of the HB illumination. Therefore, a distinctive polarization
distribution is created in the focal plane, with space variant ellipticity and 3D orientation, i.e.
the orientation of these polarizations ellipses is not bounded to the x-y plane, rather it can be
oriented at any direction in the 3D space. The polarization ellipses at the focal plane are
shown in Fig. 3(b). Figure 3(c) shows the cross section through the center of Fig. 3(b). Figures
3(d) and 3(e) show the polarization projections on the x-y and x-z planes, respectively. It can
be seen that near the center of the beam, the polarization ellipses are strongly oriented along
the z axis due to the strong z field component that is present around the focus.
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Fig. 3. (a) Energy density components and the total energy density at the focal plane of a NA =
0.94 lens illuminated by the HB of Fig. 2(a). (b) The polarization ellipses at the focal plane
having a 3D orientation distribution (Media 1). The colors are related to the total energy
density at the focus. (c) Cross sections through the center of (b). (d) and (e) polarization
projections on the x-y and the x-z planes, respectively.

Media 1 shows the evolution of the polarization distribution and the energy density as the
HB propagates through the focal plane. For visualization purposes, each frame of this media is
normalized separately. It can be seen that the z polarization component increases near the
focal plane and disappears when the beam is about one wavelength far from the focal plane.
The depth of focus of that HB can be estimated from Fig. (4) where the energy density is
plotted as a function of the x and the z coordinates.
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5. Discussion

Generation of HBs, and the ability to scan the whole Poincaré sphere may find applications in
microscopy and particles manipulation. For example, Ref [35]. demonstrated the mapping of
the focal field components using single fluorescent molecules. The fluorescence rate of a
molecule is proportional to the square of the vector multiplication of the absorption dipole
moment and the illumination electric field vector. Therefore, the fluorescence pattern of
differently oriented molecules reveals the various field components at the focal plane. The
same experiment can be used vice versa. The a priori knowledge of the focal field components
of the HBs, together with the molecules fluorescent pattern, can be used to determine the
molecules orientation in the 3D space. Since the three field components of a HB at the focal
plane are comparable in amplitude, significant signal can be obtained from molecules oriented
along any arbitrary direction using a single shot illumination. The ability to quickly scan the
Poincaré sphere can be used to find the specific polarization in which the molecular excitation
is maximal and then tune the illumination light into that polarization state, to enhance the
emission rate of the molecules. The same concept can be used to align molecules with dipole
moment along the different field components. Another example is the interaction of the HB
with chiral molecules. Such molecules absorb elliptically polarized light as a function of their
chirality and orientation with respect to the orientation of the elliptically polarized light. The
HBs may also find applications in atomic systems where different polarizations satisfy
different selection rules. For instance, the selection rule between hyperfine states with
quantum magnetic numbers m_ is AM_ =0 for linear polarization, am, =1 for right hand

circular polarization and am_ =—1 for left hand polarization. By using the HBs one can excite

the atomic system state population, with all the above mentioned selection rules
simultaneously. This technique may be useful for spatial imaging of the atomic state of atoms
[36]. In particular we believe that this approach may be plausible for cold atoms due to their
distinct spatial distribution.
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Fig. 4. (a) Calculated energy density in the x-z plane. (b) The cross section of the energy
density along the dashed line in (a). (c) Consecutive polarization projections on the x-z plane
demonstrating the evolution of the polarization distribution as the beam propagates through the
focal plane. All calculations were performed for a NA = 0.94 lens.

6. Summary

In summary, we discussed two methods for the generation of hybrid beams, whose
polarization projection spans a closed circle on the surface of the Poincaré sphere whose
center coincides with the center of the sphere. The first approach is based on rotating a quarter
wave plate while the second approach is based on controlling the phase retardation of a wave
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plate. We demonstrated experimentally the construction of such beams and found the obtained
polarization distribution in agreement with the theoretical prediction. In addition we
numerically investigated the field and energy density distribution across the focal plane of a
high NA lens illuminated by a hybrid beam. The results show an interesting polarization
distribution with 3D orientation and space variant ellipticity. This kind of polarization
distributions hold a promise in particle orientation analysis applications, microscopy and in
atomic systems where different polarizations satisfy different selection rules.
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